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Introduction 
The motion of fluids and gases, studied macroscopically as continuous material is the heart of 
fluid dynamics. Properties such as density, pressure, temperature, and velocity are taken to be well-
defined at infinitely small points, and are assumed to vary continuously from one point to another. The 
discrete, molecular nature of a fluid is ignored. Each of the variables such as velocity, pressure, and 
density are continuous functions of space and time. This continuum hypothesis permits us to 
mathematically model fluid flow using calculus. 
The Navier-Stokes equations describe how a fluid flows. They are derived by applying 
Newton's laws of motion to the flow of an incompressible fluid, and adqing in a term that accounts for 
energy lost through the liquid equivalent of friction, viscosity. The equations are non-linear partial 
differential equations and they are vital in the modeling of weather, ocean currents, the pumping of the 
heart, the flow of air in the atmosphere, and other fluid occurrences. They depend on time and consist 
of a continuity equation for conservation of mass, and three conservation of momentum equations (one 
for each of the axial directions). 
Navier-Stokes equations dictate not position but rather velocity. A solution of the Navier-Stokes 
equations is called a velocity field or flow field, which is a description of the velocity of the fluid at any 
given point in space and time. 
In most real world 3-dimensional cases the Navier-Stokes equations are too complicated to be 
solved in a closed form. Amazingly, mathematicians have yet to prove whether in three dimensions 
solutions always exist (existence), or that if they do exist, then they do not contain any singularity 
(smoothness), even though these equations have such a broad scope of uses. These are called the 
Navier-Stokes existence and smoothness problems. A million dollar prize will be awarded by the Clay 
Mathematics Institute for a solution or counterexample. There are some cases the equations can be 
simplified and we can obtain analytical solutions. Super computers have recently been used to 
approximate solutions using finite volume and difference methods, which is known as Computational 
Fluid Dynamics. 
Divergence and Curl of a Vector Field 
In order to derive and understand the Navier-Stokes equations, it is necessary to touch on the 
mathematical entities they encompass such as the concept divergence, and vector fields. 
A vector field defined on region Tin space 91 3 is a vector-valued function F that associates 
with each point (x,y,z) a vector 
F(x,y,z) = iP(x,y,z) + jQ(x,y,z) + kR(x,y,z) 
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It may be more briefly described in terms of its components P, Q, and R as 
F = Pi+ Qj + Rk or F= <P,Q,R> 
The components are scalar (real-valued) functions. For example. 
F(x,y)=xi + yj 
For each (x,y) in the coordinate plane, F(x,y) is simply its position vector. It points directly away 
from the origin and has length 
I F(x,y) l=lxi+;-i !=~ x2 -ry2 equal to the distance from the origin {x,y). 
The gradient vector of the differentiable real-valued function f(x, y, z) is the vector: 
v f=ill+1 ~f+k~r 
ox cy oz 
The partial derivatives are evaluated at (x,y,z) : thus V f is the gradient vector field of a 
function f. 
Given a vector valued function F(x,y,z)=iP(x,y,z) + jQ(x,y,z)+ kR(x,y,z) with differentiable 
components P,Q , and R the divergence ofF, denoted divF, is the scalar funCtion defined as 
V ·F= a P + aQ + aR =< _.E._ ,__E_ . _§_ ><P.Q.R> 
ax ay az ax ay az · 
In terms of v, the velocity vector field , the value of div v is the net rate per unit volume at which 
the fluid mass is flowing away (diverging) from the point (x,y,z) . 
If the fluid is flowing away from the point P, we call P a source. In this case, the divergence is greater 
than zero , V · F ( P )> 0 . If no fluid is flowing out of point P but flowing in, we call P a sink. In this case, 
divergence is less than zero, Y'·F(P)<O . [Edwards C. Henry, Penney E. David. Pgs. 1014-1018] 
Gauss's Theorem 
In the derivation of the Navier-Stokes equations, we will need to convert surface integrals to 
volume integrals; below we begin with a two-dimensional example of fluid flow for simplicity, but applies 
equivalently in three-dimensions. 
Consider the steady flow of a thin layer of fluid in a plane 9\ 2 . Let v ( x,y) be the velocity vector 
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field and let b ( x,y) be the density of the fluid at point (x,y). We seek to compute the rate at which the 
fluid flows out of the region R bounded by a closed curve C depicted by Figure 1 . The net rate of 
outflow is the actual outflow minus the inflow 
c 
Figure I 
Let List be the length of a segment ofthe curve C and let (x; ,yJ be an endpoint of Lis t again 
referring to Figure 1 above. 
The area of the portion of fluid that flows out of region R across Lis 1 per unit time can be thought of as 
the area of the parallelogram spanned by the segment List and vi =v (xi ,yi) . We let ni be the unit 
normal vector to C at (xi ·Y;) pointing out of region R. Then the area of the parallelogram is 
(I vii cos B) Lis;=( v1• ni) Llsi , since cosB= llvll·l~ll 
where e is the angle between ni and vi . Multiplying this area by the density bi=b(xi ,yi ) and 
adding these terms over the values of i that correspond to a subdivision of the whole curve C into n 
segments will approximate the total net mass of fluid leaving R per unit time. This approximation is 
n n 
L ( c>i vi· ni) L1s1= L ( Fi·ni) Llsi 
i= l i= l 
where F=c>v , the velocity vector multiplied by the density at each point on the curve C. 
The line integral around C approximated by this sum is called the flux of the vector field F 
across C, denoted 
<P=# ( F·n )ds 
c 
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where n(x,y) is the outer unit normal vector to C. 
Note that in this case clJ is the rate at which the fluid is flowing out of R across the boundary 
curve but we can apply this definition to an arbitrary vector field F=Mi+Nj 
We see that the unit normal vector n=T x k (Figure 2), where T is the unit tangent vector to the curve 
C given by 
T l(.dx+ . r/,') .dx+.dv = - l- j :::L.. =t- ) :::::L. 
v dt dt ds ds 
k 
n = Txk 
Figure 2 
Recall that the speed, v= ds = ,/( dx )
2 +( dy )2 , is equivalent to magnitude of i dxd +j !!:l_d , so vector Tis 
dt v dt dt t t 
a unit vector. Thus, 
n=T Xk=( i dx +f' !:JL )Xk 
ds · ds ' 
S k d k ( . dv .d'C \ ince ix =-jan jX ,=i we get n= t::::.L-J- , ds ds 
Substituting into the flux equation gives 
(])=~ F·nds= JJ (Mi+Nj)·(iEL- j dx )ds=# ( -Ndx+Mdy )=P (A4dy- Ndx) 
c ds d'f c c 
For the flux of the vector field F=Mi+Nj across boundary C. 
Using Green's theorem which equates a line integral around a closed plane curve C to a double 
integral over the planar region R with boundary C, we get 
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cP= ~ F · nds = ff ( aaM + aaN ) dA but notice this right side is just the diverge 
C X y 
. aM aN d1vF= V · F=-- +-- introduced earlier . Thus our final result is ax ay 
ct>=~ F·nds= ff V·FdA 
c 
In words, the flux of a vector field across a closed curve C equals the double integral of its 
divergence over the region R bounded by C. 
The above equation is the two-dimensional version of the Divergence Theorem or Gauss's 
Theorem, which converts a surface integral over a closed surface to a triple integral over the solid 
region that the surface encloses. 
ff F·ndS= Iff V·FdV 
s 
where S is a piecewise smooth surface that bounds the solid region in space ,T, n is the continuous 
outer unit normal vector field, and F is the continuously differentiable vector field on T. [Edwards C. 
Henry, Penney E. David . Pg 1043] 
I presented the two-dimensional analogue in greater depth because I thought its derivation was 
more intuitive and easier to visualize. 
In words, the Divergence Theorem states that the outward flux of a vector field through a closed 
surface is equal to the volume integral of the divergence of the region inside the surface. More plainly, it 
means that the sum of all sources minus the sum of all sinks equals the net outflow of a region. 
Fluid flow obeys the conservation laws for mass, momentum, and energy, and these laws are 
stated in differential form at a particular point or integral form over a particular region. In deriving the 
Navier-Stokes equations using the conservation laws for mass and momentum, we will often need to 
convert surface integrals to volume integrals. To state the Divergence Theorem once more in a fluid 
dynamic setting, 
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where F(x,t) is a tensor of any rank e.g. vector or scalar, V is a fixed volume of a fixed region 91 or a 
material volume which consist of the same fluid particles whose boundary moves with the fluid and A its 
surface area of boundary surface. 
Tensors 
Scalars can be represented by a single number and vectors in three-dimensional space by three 
numbers, but there are other quantities that need more than three components for a complete 
description. A tensor or dyad has magnitude and two directions, requiring a total of 32 = 9 components. 
A tensor is a mathematical construct that takes scalars and vectors and generalizes them to instances 
involving multiple directions all at once. To some extent tensors can be thought of as matrices just as a 
vector, a first rank tensor can be thought of as a kind of 3x1 array, a second rank tensor can be thought 
of as 3x3 array. 
It is sometimes awkward to work with matrices, for this reason it is often useful to represent 
tensors using indices. For example consider the vector v=( vx, vy, v =) .Without loss of generality we 
can use the notation vi where index i can represent x, y, or z. By writing down vi without specifying 
what i is, we can claim to refer to all three components individually at once. The same can be done 
when referring to a second-rank tensor, or matrix, r iJ where i corresponds to the row and j corresponds 
to the column. The figure below has a nice illustration of this. Again using the notation r u means we 
are referring to all nine components at once. 
An example of the use of tensors is to describe stress in a material object. Stress has the units 
force per unit area. Therefore, (stress) 11 (area) should equal 
(force). Force is a vector, and we also know an (infinitesimally small) area can be represented as a 
vector by associating it with a direction. The differential area dAis a vector with magnitude dA and 
direction n, normal to the area element, pointing outward. There are two different types of stress: 
tensile stress (normal force) and shear stress (tangential force) and total stress will always encompass 
both. Thus, stress cannot be a scalar since a single number could not represent both. The stress 
tensor is most often notated r iJ . The i component denotes the direction of the normal while the j 
component denotes the direction in which the force is being projected. For example, for the particular 
case of a surface with normal unit vector oriented in the direction of the x1-axis, the normal stress is 
denoted by 011, and the two shear stresses, oriented in the direction of the x 1 and x 2 axis, are 
denoted as 012 and 013 as depicted in Figure 3. Thus our force per unit area can be denoted r iJ·dA . 
This will be important when considering Cauchy's momentum equation later on. 
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y { t1'xx Txy "txz \ / T.yx Oyy 'tyz \ J 'txy 'tzx 'tzy <Tzz 
/ 
0 
Figure 1 
Time Derivatives of Volume Integrals 
In deriving conservation laws, one frequently faces the problem of finding the time derivative of 
integrals as ! f FdV where F(x,t) is a vector or scalar function, V(t) is some region that is either 
V(t) 
fixed or moving with the fluid. Only a function of time remains after doing the integration which is why 
! rather than :t is used. 
The Leibnitz Theorem is used to differentiate an integral whose integrand and limits of 
integration are functions of the variable with respect to which we are differentiating. It is given by 
d f f aF db da dt F (x,t) dx= atdt+ dt F(b,t)- dt F (a,t) 
The first term on the right is the integral of ~~ over the region, the second term is due to the gain of 
Fat the outer boundary moving at rate ~~ , and the last term is due to the loss ofF at the inner 
boundary moving at a rate ~; . 
We now consider a general case where the volume V(t) is neither fixed nor material. This 
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means the surface of the fluid volume is moving but not with the local fluid velocity. We can generalize 
Leibnitz Theorem to 
where u A is the velocity of the boundary and A ( t) is the surface of V(t). 
For a volume fixed in space, the boundary is not moving so the velocity, u A , is zero. 
Our equation becomes 
!{_ f F ( x,t) dV = f a F dV 
dt dt 
Thus if the boundary is fixed (that is, bounding surface of the volume is not moving with the fluid) then 
the time derivative can be taken inside the integral and the limit of integration, V, is not a function of 
time. 
Conservation of Mass I Continuity equation 
Consider a volume fixed in space (see figure below). The rate of increase of mass inside the 
volume is given by 
!LJ dV=f £/!...dv dt P at 
Note we are able to take the time derivative inside the integral due to our fixed boundary. 
The rate of mass flow out of the volume is the surface integral 
J pu·dA 
since pu·dA is the outward flux through the area element dA. The differential dA stands for ndA. 
where n is the unit outward normal to the surface. The law of conservation of mass states that the rate 
of increase of mass within a fixed volume equals the rate of inflow through the boundaries (shown 
below in Figure 4 ). Thus the integral form of the conservation !aw is 
J §_p_dV=-J pu·dA at (1) 
Since the left hand side of our equation represents the total change in mass inside our volume and the 
right hand side represents flux out of our surface, (hence the negative sign). 
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mass = J pdV 
v 
outflow = pu · dA 
Figure 4 
Using the Divergence Theorem (Gauss's Theorem) introduced earlier, we can obtain the 
differential form of the conservation of mass law by converting the surface integral on the right side to a 
volume integral. 
J pu·dA= J \l·( pu)dV 
Substituting this equation into equation (1) gives 
f [ ¥;-+ \l·(pu)]dV=O 
According to Pijush Kundu, author of the text, Fluid Mechanics (p. 78): 
[The above relation holds for any volume, which is possible only if the integrand 
vanishes at every point. If the integrand did not vanish at every point, then we 
could choose a small volume around this point and obtain a non-zero integral]. 
In other words, the integral must be zero for any arbitrary fixed volume, which can only be true if 
the integrand is zero. This implies 
ap+V·(pu )=O <2) 
ar 
which is referred to as the continuity equation. 
Changes in the fluid's make-up such as salinity in sea water, temperature, and pressure can 
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cause ~1 to be non-zero. The term incompressible refers to a fluid whose density does not change 
with pressure. Liquids are almost incompressible as are gasses at lower speeds. 
In most cases the density changes are so negligible we can assume ~1 =0 . In this case, 
Equation (2) simplifies to the incompressible continuity equation, the first Navier-Stokes equation, 
V· u=O (3) 
The Material Derivative 
In order to obtain the rate of change of momentum of a fluid particle, so as to apply Newton's 
Second Law of Motion, we need to evaluate the acceleration of the particle in the appropriate frame of 
reference. If we consider first how a scalar quantity such as temperature varies for a particular fluid 
particle, we can say, the small change in temperature JT produced by a small change in time 6t and 
corresponding change Jx , Jy , & in Cartesian coordinate position is 
bT= 8T Jt+ aT bx+ ar by+ 8T & 
8t ax 8y az 
To find the rate of change, we divide by Jt 
If bx , by and bz are the components of the small distance moved by the particle in time & 
, then taking the limit as & -t 0 gives 
DT aT , 8T 8 T . aT 
-=--ru-+v- -rM•-
Dt 81 8x 8y oz 
as the rate of change of the temperature T with respect to time and space of that particle where 
u=<u,v,w> 
are the component coordinates of the velocity vector. Note, lim ~x = u with 
ot.-..o ut 
D 
corresponding expressions for v and w. We will use Dt to denote the rate of change of any property 
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DT 
of a moving fluid, such as temperature with rate of change - or momentum with rate of change 
Dt 
D ~u) where u is the velocity of the particle. For a general fluid property, the operator ~t is given by 
D a 
-=-+u·V Dt at 
The first term on the right hand side represents a change in the property due to the whole flow 
field varying with time and the second term represents the change due to the position of the particle. 
Though as an example I used temperature, the Navier-Stokes equations involve the 
acceleration of a fluid particle, so the above equation becomes 
where u is the velocity of the particle. 
Then the rate of change of momentum of the particle per unit volume is 
Du au n p-=p-+pu· v u 
Dt at 
where o is the fluid density, or mass per unit volume. We multiply by o because momentum is the 
product of mass and velocity of a moving object (in this case, a fluid particle). 
A significant feature of the Navier-Stokes equations is the effect of time independent 
acceleration of a fluid with respect to space, represented by u · V u . If the velocity vector of any fluid 
flow is a function of space and time, then it can change with space as well as with time. Thus the 
acceleration or rate of change of velocity, experienced by the fluid particles can be due to the change of 
velocity with space or to the change of velocity with time. The acceleration of fluid particles due to 
change in velocity in space, is called convective acceleration and acceleration due to change in velocity 
in time, the first term on the right hand side of the equation, is called local or temporal acceleration. 
Though individual fluid particles are of course experiencing time dependent acceleration, the 
convective acceleration of the flow field depends on spatial effects. An example of would be the 
passage of a viscous fluid (for example, oil) through a small converging nozzle. Convective acceleration 
is represented by the nonlinear quantity u · V u in non-vector format in two dimensions we have 
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au av uau..Lvau 
u·V u ~~[ u v ]· ex ax 
= 
ax oy 
au ov av av 
-
u--r-v-
ay ay ax ay l 
• 
The nonlinearity makes it difficult or impossible to obtain a closed form solution to the Navier-
Stokes equations in most cases, and solutions are often obtained through numerical approximation. 
Nonlinearity is the main contributor to the turbulence in the fluid that the equations model. 
Conservation of Momentum 
We will now use Newton's Second Law to derive the second Navier-Stokes equation. We want 
the second Navier-Stokes equation to give the rate of change of the momentum of a particle in a 
moving fluid in terms of the specific forces acting on it. Since Newton's Second Law describes the rate 
of change of the momentum of any moving object in terms of the forces acting on it, it is the perfect tool 
for the job. 
Starting from an integral statement of Newton's Law for a material volume V , we will derive 
Cauchy's equation. We consider the surface forces at the boundary of the volume as well as body 
forces in the fluid. It can be shown that the surface force per unit area is r ·n , where Dis the stress 
tensor and n is the outward unit normal. Thus the force on the differential element dA is r. dA , where 
dA = ndA. Newton's Law states that for a material volume, V . the rate of change of its momentum 
equals the sum of the surface forces at the boundary plus the total body forces. We have 
U; is the velocity in the fh direction and Xj is the jh direction COOrdinate, Tij is the shear stress on the fh 
face of a fluid element in the r direction • and pg is the body force per unit volume. 
Rewriting the surface integral as a volume integral. using Gauss's Theorem, and bringing everything 
over to the left side, equation (4) becomes 
f Du or .. [ o-'- pg _..:...;_y_ ]dV= 0 I Dt l ox . j 
Since this is true for any volume, the same argument holds as in the case of the continuity equation, so 
the integrand itself is zero. Thus, 
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Dui 8riJ 
p-=pg+ 
Dt z 8x1 
The above equation is sometimes referred to as Cauchy's equation of motion. 
For obtaining the Navier-Stokes equation, we must determine the form of r iJ ; that is, we need a 
constitutive law for the stress tensor which can be obtained for specific fluid families. 
Constitutive Equation for Newtonian Fluid 
In a fluid at rest there are only normal components of stress on a surface and stress does not 
depend on the orientation of the surface. An isotropic tensor is one whose components do not change 
under rotation of the coordinate system. The Kronecker delta is the only second order isotropic stress 
tensor. It is defined as: 
1 0 0 
J= 0 1 0 
0 0 
Any second order isotropic tensor must be proportional to 6 iJ thus the isotropic stress in a fluid 
at rest is 
where p is the thermodynamic pressure. 
A moving fluid requires additional components of stress due to viscosity, hence shear stresses 
develop and the diagonal terms of r become unequal. Shear viscosity, usually referred to as simply 
viscosity, describes the reaction to applied shear stress; simply put, it is the ratio between the pressure 
exerted on the surface of a fluid, in the lateral or horizontal direction, to the change in velocity of the 
fluid as you move down in the fluid (this is what is referred to as a velocity gradient) . For a moving fluid 
we split the stress, r .. into a part, - pJ .. ,that exist for a fluid at rest, and a part (J .. due to fluid in 
!I lJ lJ , 
motion causing shear stress 
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In matrix form: 
Tij=-pbij +O"ij = -~~ 0 0 (j XX +p T xy T xz p 0 + Tyx (jyy +p Tyz 
\0 0 p Tzx T;y a== +p 1 
The non-isotropic part, a iJ , is called the deviatoric stress tensor. It is related to the velocity gradient 
~ a '"' a a 0 ll; 1 u,. 0 u' \ 1 u . u . 
-=-( -+~ 1+ -(-1 _ __:___1_} . The velocity gradient can be separated into two parts, the 
ax) 2 ax} OX; 2 OXj ax,. 
1 au au 1 8u au 
symmetric piece -
2 
(-a z + .......:..:...J0 ) and the anti-symmetric piece -2 ( ~- .......:..:...Ja _) . The anti-symmetric x,. ·x,. ox1 x,. 
piece models fluid rotation without deformation and alone cannot create stress; the stresses must be 
generated by the strain rate tensor 
1 au: au . 
e =-(-+---1.) 
u 2 a- a xi x,. 
The proof is rigorous so it is not included here but for a Newtonian fluid, we can assume a linear 
relation between the deviatoric stress tensor and the strain rate, thus 
0" ij=2J..Leij +A.e mmi5 ij 
where e mm = V · u is the volumetric strain rate and .u and ;_ are scalars that depend on the local 
thermodynamic state . 
Under the assumption that our fluid is incompressible, then in accordance with Eq (3), e mm= V· u =0, 
then the deviatoric stress tensor is 
Then (5) becomes 
Where J1 is the fluid viscosity, a constant of proportionality. 
Simply put, the first part of the equation represents normal stresses of a fluid at rest and the 
second part represents shear stress due to viscosity. This equation is called the constitutive equation 
for incompressible Newtonian fluids. 
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Navier-Stokes Equations 
For Newtonian fluids, the equation of motion can be derived by substituting the constitutive 
equation discussed earlier into Cauchy's equation of motion, also previously discussed. Recall 
Cauchy's equation is given by 
Inputting the constitutive equation for an incompressible Newtonian fluid 
we obtain, 
where we have noted .E_p_ J .. = !}_p_ ax. I] ax. j I • 
Rewriting in vector notation we obtain the complete momentum equation for an incompressible, 
Newtonian fluid: 
p Du =-V p+pg+pV 2 u (6) 
Dt 
Recall the left hand of the equation with represents the material derivative, which is the 
derivative of the velocity with respect to space and time, and hence represents acceleration of our fluid 
per unit volume. The right hand side is the sum of our forces: the pressure forces, body forces such as 
gravity, and shear stresses due to viscous forces. 
Combining equation the continuity equation for an incompressible fluid Eq(3) and Eq(6) we 
obtain the complete Navier-Stokes equations for a Newtonian imcompressible fluid. Writing the 
equations out for each coordinate we have, 
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2 , ~ 
a u a u a u ' au a n . a u a~ u . 8'" u \ p ( ~ +u~+v--r-w -)=-..::.....c:.. • .u ( - . -~ + --~ +--r:pg 
Of . OX ay QZ OX ' axL. ay.:. 0z2 X 
O"'v· ;::, o"'v ;::,,, , o~ c~2 ~.2 ,..,2 , , uv , , l-' • · nn. :· V+ov+ov , p·- ;-u--rv- • w- ; =-..::.....c:.. -rf.l l -- --~ -~ :+pg 
' at ax oy az ay ' 8x2 ayL. az"' ' y 
au · a v + a w = 0 (3) Continuity Equation 
ax . a y a z 
Exact solutions can be obtained only for flows with simple geometries and approximation 
methods are necessary for realistic flow problems. 
Computational Fluid Dynamics 
Although the Navier-Stokes equations governing the flow of Newtonian fluids were developed 
long ago, there are few known analytical solutions to them. Digital computers using a variety of 
numerical methods are used to solve a wide spectrum of flow problems. Replacing partial differential 
equations with discretized algebraic equations that approximate the partial differential equations is 
referred to as Computational Fluid Dynamics (CFD).These equations are then numerically solved to 
obtain flow field values at the discrete points in space and/or time. An analytical solution to the Navier-
Stokes equations equations delivers the solution to an infinite number of points in the flow since these 
equations are valid everywhere in the flow field of the fluid continuum. However, our geometry must be 
extremely simplified to obtain these analytical solutions. The CFD simulation solves for the flow 
variables only at the discrete points, which make up the grid or mesh of the solution. Interpolation 
schemes are used to obtain values at non-grid point locations. 
There are several numerical techniques. For example the finite element (or finite volume) 
method, is when the flow field is broken into a set of small fluid elements (usually triangular areas if the 
flow is two-dimensionaL or small volume elements if the flow is three-dimensional). The conservation 
equations (i.e., .conservation of mass, momentum, and energy) are written in an appropriate form for 
each element, and the set of resulting algebraic equations for the flow field is solved numerically. 
Another method is the finite difference method which is most commonly used; I will present the finite 
difference form of the Laplace equation. 
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t 
i - 1, i, i+ 1, 
J +1 j+ 1 j+l 
1 - 1, i, 1+ 1, j J j 
I< ~1 
~ X 
Figure 2 
For the finite difference method we divide the flow field into a system of grid points (see Figure 
5, only I will use "y" instead of "t" and Llx instead of bx and same for y), and approximate derivatives 
by taking differences between values at adjacent grid points. Let the coordinates of a point be 
represented by 
x=i.dx 
y=i.dy 
i= (1 ,2, ... ) 
}=(1,2, ... ) 
where Llx and Lly are dimensions of the grid box, and the integers i and j are the indices associated 
with a grid point, the value of a variable If! ( x,y) can be represented as 
If! ( x,y) = If! ( i.dx,j.dy) =If/ iJ 
where lfi;J is the value of If! at grid point (i,J). 
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The first derivatives of 1f1 are approximated as 
9.!1!_ ~ _1 ( lf1 - lfl ) 
ax ilx h--2
1 J :-L 
.i. 
The quantities such as lflh·}_J are halfway between the grid points and thus undefined yet this is not 
important in this problem because the Laplace equation does not involve first derivatives. 
The finite difference form of a
2 ~ is 
ax 
( f.J!__) _1 ( a lf1 ) _ ( a lfl). ax2 .. Llx I a X / i~~.j ex i--21 ,j 
l,j -
We are simply taking the derivative of the first derivative, as the second derivative is defined. 
Similarly, ( :) L A> I I";J~ ,-2'ViJ +\ifiJ-1 I 
Again, taking the derivative of our first derivative with respect toy in this case. 
Using the above two equations the Laplace equation for the stream function in a plane two-dimensional 
flow is 
(f.J!__) (~) a x2 i,i + a i lj = 0 
In finite difference representation we have, 
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_!_2 [lfl·+l .-2\jf. +lfl·-l·l +_!_2[lfl·+l-2\jf +!f!··-/]=0 ilx , ,; 1,; , J ily 'J 'd '.J 
For simplicity we take ilx=ily , and our above equation reduces to 
If/ ij = ± [If/ i- 1, j +If/ i+ lj +If/ iJ -I+ If/ i,J+ I l (7) 
This means that V' satisfies the Laplace equation if its value at a grid point is the average of the 
values at the four surrounding points. 
We will now illustrate a simple iterative method to a solution to the above equation when the 
values of If/ are given in a simple geometry. Assume a rectangular region that is divided into 16 grid 
points. Of the values, If/ is known at the 12 boundary points . The values at the four interior points are 
unknown. For these values, the use of Eq (7) gives: 
1 [ B B l If/ = - If/ 1.2 +If/ +If/ 11. +If/ 2,2 4 3.2 2.3 
1 [ B B l If/ =- If/ i) +If/ +If/ +If/ 2.4 2,3 4 3,3 2,2 
1 [ B B l If/ = - If/ +If/ '·' +If/ +If/ 3,4 3,3 4 2,3 3,2 
The known boundary values are indicated by the superscript B. We have four equations and four 
unknowns so we can solve. We use the iterative method. It works by assuming an initial solution then 
successively plugging the solution into Eq (7) and correcting it until the error is very small and Eq (7) is 
satisfied. 
Assume the values of 1f1 at the four unknown points at are initially set at zero; then the estimation of 
lf/2,2 is 
If/ =.!.[lf/Bt.2+Q +1f1B2.1.+0] 
2,2 4 
The zero value for lf/2,2 is now replaced by the new value above. The first estimate for lf/3,2 can be 
obtained as 
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1 [ B B 1 Vl ·~ =- ' VJ +VJ 4,]+VJ 3,1+0 ' j ,.~. 4l 2,2 I 
where the new value of V'2.2 has been used on the right hand side. We continue this process over the 
entire region always using the latest available value at that point. Once an estimate at every point has 
been obtained we sweep over the region again until the values of VJ 1J do not change significantly 
between two successive "sweeps". We say the iteration process has converged. (Kundu, Pg.168-170] 
The figure below shows a contraction is a channel. The flow rate per unit depth is 5 m2 / s . We 
assume the velocity is uniform and parallel across the inlet and outlet sections. We want to determine 
the velocity flow field throughout the region. We can do this by the method stated above using Eq. 7. 
The difference in Vi values is equal to the flow rate between the two stream lines. If we take 
!f!=O at the bottom wall, then we must have VJ= 5 m2! s at the 
Top wall. We divide the field into a system of grid points shown, with L1x=L1y= 1m. 
Since L1lfll L1y is given to be uniform across the inlet and the outlet, we must 
have L1VJ= 1 n-/·; s at the inlet and Ll!f!= 5/3=1 .67 m2 / s at the outlet. This is depicted in the figure 
below. (Kundu, Pg.172] 
5 5 55 5 s s 55 5 
-
1,6 2,6 
• • 
3 
2 • 
• • 
1,1 2.1 
0 0 0 0 
Figure 3 
-
6,3 
0 0 
0 
0 
0 
-
-
10.6 
0 0 0 
3.33 
1.67 
The resulting values of VI can be calculated using out simple iterative method via Matlab. 
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for i=2:5 
for j=2:5 
psi(i,j)=1 
end 
end 
for i=4:5 
for j=6:9 
psi(i,j)=1 
end 
end 
for j=1 :10 
psi(1 ,j)=O; 
end 
for i=2:3 
psi(i,6)=0; 
end 
for i=7:10 
psiU,3)=0; 
end 
forj=1:10 
psi(6,j)=5; 
end 
for i=2:6 
psi(i, 1 )=i-1 ; 
end 
for i=4:6 
psi(i, 1 O)=(i-3)*(5/3); 
end 
Error=1; 
while (Error >.001) 
psiold=psi; 
for i=2:5 
for j=2:5 
%initializing psi 
%set w=O on top wall and w=S bottom wall 
} set '{I at inlet 
set If! at outlet 
psi(i,j)=(psi(i-1 ,j)+psi(i+ 1 ,j)+psi(i,j-1 )+psi(i,j+1 ))/4 
end 
end 
for i=4:5 
for j=6:9 
psi(i,j)=(psi(i-1 ,j)+psi(i+1 ,j)+psi(i,j-1 )+psi(i,j+1 ))/4 
end 
end 
Error=abs(norm(psi)-norm(psiold)); 
end 
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Figure 4 
The output of my Matlab code is a series of values for the streamlines at each of my grid points. 
We are able to plot the values as illustrated in Figure 7. We can see that i and j both range from 1 to 
10 though our flow field is only defined from 1 to 6 and that is why it appears as a dark blue abyss 
because it is undefined. Also note that i is undefined when i equals 1 to 2 and j equals 7 to 10. Thus, we 
can see our flow field trying to push into the bottom wall but not able to since there are no boundary 
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conditions, and hence it remains a dark blue on that portion of the border. We can see the flow field 
follows the shape of our channel. The colors correlate directly to their numerical answers. For instance, 
the red on the top wall depicts our 5m2 / s per unit depth boundary condition while as we move 
downward our flow slows around to 4m 
21 s where our flow lightens to orange and then even yellow. We 
do see a "rainbow" affect since each row of our matrix does not change values too drastically. For 
example in row five the values only range from 4 to 3.3 and we can see the color change from dark 
orange to yellow is more subtle. Yet row three ranges from 3 to 1.6 and we have a drastic blue to bright 
green change in colorization . It appears slightly blurry due to the interpolation since we did not use a 
large number of grid points. 
Mathematical Operators 
Here are the vector notations used in my paper written out explicitly. For simplicity sake, I have 
used a 2-dimensional vector , but in 3-dimensions the result is analogous. 
au ov 
V' u= ox ox 
au av 
ay ay 
u·V' u=[u 
a a 
u =< u v> V'=<- - > Where ' and 0 X ' 0 y 
au ov u au +v au 
v ] . ox ox 
= 
ax oy 
au ov u av +v ov 
- -
oy oy ax oy 
Du _ a [u]+ p Dt - p at v 
a 
Y'·Y' =[ :x :Y l a; 
oy 
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